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Descents and cyclic descents of permutations
The descent set of a permutation m = (71,...,7,) in the
symmetric group G, is
Des(m) ={1<i<n—-1:m>mt1} C[n—1],
where [m] :={1,2,..., m}.

The cyclic descent set is defined, with the convention 7,1 := 71,
by
cDes(m):={1<i<n: 7w >mi1} C[n]

The cyclic descent number is defined by cdes(7) := # cDes(7).

Introduced by Cellini ['95]; further studied by Dilks, Petersen and
Stembridge ['09] and others.
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Example
m=23154 : Des(m)={2,4}, cDes(m)=1{2,4,5}.
m = 34152 :
5
4
3
2 2
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Descents and cyclic descents of permutations

Example
m=23154 : Des(m) ={2,4} , cDes(m)={2,4,5}.
m =34152 : Des(m) ={2,4} , cDes(m)={2,4}.
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Cyclic Shuffles

A shuffle of two permutations with disjoint support ¢ € G4 and
7 € Gp is the set of all permutations in & 4,5, whose restriction
to the letters in A is o and restriction to the letters in B is T.

Example 12314 = {1234, 1243, 1423, 4123}.
A cyclic permutation [a] € &,/Z, is an equivalence class of
permutations where aj,...,ap, ~ aj41...,an,31,...,a;.

A cyclic shuffle of two cyclic permutations [a] and [b] with disjoint
support is the equivalence class of shuffles of representatives of [a]
and [b].

Example [123] Wieyc [4] = {[1234], [1243], [1423]}.
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/Q Lucyc /@ )
6 6 2
5 4 4 2 6 5
1 3 1 3 1 3
2 5 4 .
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Cyclic Shuffles
Example [316] Lcyc [254]

6 3 5 4
Weye =
1 2
6 6 2
5 4 4 2 6 5
1 3 1 3 1 3
2 4

Problem 1:

What is the distribution of cyclic descents over cyclic shuffles ?
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SYT(X) denotes the set of all standard Young tableaux of shape A.

The descent set of a standard Young tableau T is
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Example
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Descents and cyclic descents of SYT

SYT(X) denotes the set of all standard Young tableaux of shape A.

The descent set of a standard Young tableau T is

Des(T):={i: i+ 1isin a lower row than i}.

Example

N

4]
€SYT(3,2,1)

—
I
‘U‘IUOI—‘
(o)}

Des(T) = {2,4}.
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Descents and cyclic descents of SYT

SYT(X) denotes the set of all standard Young tableaux of shape A.

The descent set of a standard Young tableau T is

Des(T):={i: i+ 1isin a lower row than i}.

Example
112]4]
T=[3]6 € SYT(3,2,1)
19
Des(T) = {2,4}.
Problem 2:

Define a cyclic descent set for SYT of any shape A.
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Definition

Given a set 7 and map Des : 7 — 2["=1 a cyclic extension of Des
is a pair (cDes, p), where cDes : 7 — 20" is a map and

p: T — T is a bijection, satisfying the following axioms:

forall Tin T,

(extension) cDes(T)N[n— 1] = Des(T),
(equivariance) cDes(p(T)) = p(cDes(T)),
(non-Escher) @ C cDes(T) C [n].



SYT
Cyclic descent extension

Definition

Given a set 7 and map Des : 7 — 2["=1 a cyclic extension of Des
is a pair (cDes, p), where cDes : 7 — 20" is a map and

p: T — T is a bijection, satisfying the following axioms:

forall Tin T,

(extension) cDes(T)N[n— 1] = Des(T),
(equivariance) cDes(p(T)) = p(cDes(T)),
(non-Escher) @ C cDes(T) C [n].

Examples
o T =G, with Cellini's cyclic descent set and Z,-action by
cyclic rotation.
o T =SYT(r"/), with Rhoades’ cyclic descent set and
Zn-action by promotion.
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A non-Escher property

“Ascending and Descending”, M. C. Escher
The paradox of cDes(7) = @ and cDes(7) = [n].
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Special shapes

Theorem (Adin-Elizalde-R "16)

Each of the following shapes carries a cyclic descent extension:

(hook plus one box)

[ ] (two rows).

The proofs are explicit and combinatorial.

Enumeration
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Special shapes

Explicit definitions of cDes maps

Theorem (AER '16)

The shape (n — k,2,1¥72) has a unique cyclic descent map. For
T € SYT(n— k,2,1k72), let n € cDes(T) if and only if Top — 1
appears in the first column of T.



Results

Special shapes

Explicit definitions of cDes maps

Theorem (AER '16)

The shape (n — k,2,1¥72) has a unique cyclic descent map. For
T € SYT(n— k,2,1572), let n € cDes(T) if and only if Tpp — 1
appears in the first column of T.

Example The only cyclic descent map for A\ = (3, 2) is given by

1[3]4] [1][2]5] [1]3]5] [1]2][4] [1]2]3]
2/5] 7 [3]4 2[4] > |3]5] "’ |4]5] °

{1,4} {2,5} {3,1} {4,2} {5,3}




Results

Theorem ( AER '16)

There exists a cyclic descent map for the shape (n — k, k). For
T € SYT(n — k, k), let n € cDes(T) if and only if both conditions
hold:

1. the last two entries in the second row of T are consecutive,
that is, T27k = T27k_1 +1;

2. foreveryl1 <i<k, Tpj_1> Ti.



Results

Theorem ( AER '16)

There exists a cyclic descent map for the shape (n — k, k). For

T € SYT(n — k, k), let n € cDes(T) if and only if both conditions
hold:

1. the last two entries in the second row of T are consecutive,
that is, T27k = T27k_1 +1;

2. foreveryl1 <i<k, Tpj_1> Ti.

Corollary (AER '17)
For any 2 < k < n/2

Z ches( T)

TESYT(n—k,k)

g 301 (¢ [ G B P [V 5



Permutations and cyclic shuffles SYT Results Cyclic QSF Enumeration

General shapes

Theorem (Adin-Reiner-Roichman '17)

1. For every non-hook partition A & n there exists a cyclic
descent extension;



Permutations and cyclic shuffles SYT Results Cyclic QSF Enumeration

General shapes

Theorem (Adin-Reiner-Roichman '17)
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General shapes

Theorem (Adin-Reiner-Roichman '17)

1. For every non-hook partition A & n there exists a cyclic
descent extension; namely,
JcDes : SYT(M\ /) — 2l and
p:SYT(A/ ) — SYT(A/p), s.t. VT €inSYT(A)

(extension) cDes(T) N [n— 1] = Des(T),
(equivariance) cDes(p(T)) = p(cDes(T)),
(non-Escher) @ C cDes(T) C [n].

2. If X is not a hook then for all cyclic descent extensions, the
distribution of cDes over SYT(A) is uniquely determined.
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Quasi-symmetric functions

Definition A quasi-symmetric function is a formal power series

f € Z[[x1, x2, . . .]] such that, for any t > 1, any two increasing
sequences i < ... < it and j; < ... < j; of positive integers, any
sequence m = (my, ..., m;) of positive integers, the coefficients of

XM x™ and x; - x™ in f are equal.
1 It J Jt
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Denote the sets of quasi-symmetric (symmetric) functions of
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Definition A quasi-symmetric function is a formal power series

f € Z[[x1, x2, . . .]] such that, for any t > 1, any two increasing
sequences i < ... < it and j; < ... < j; of positive integers, any
sequence m = (my, ..., m;) of positive integers, the coefficients of

XM x™ and x; - x™ in f are equal.
1 It J Jt

Denote the sets of quasi-symmetric (symmetric) functions of
degree n by QSym, (Sym,).

Example Y x?x;x3 & Syms
i<j<k
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Definition A quasi-symmetric function is a formal power series

f € Z[[x1, x2, . . .]] such that, for any t > 1, any two increasing
sequences i < ... < it and j; < ... < j; of positive integers, any
sequence m = (my, ..., m;) of positive integers, the coefficients of

XM x™ and x; - x™ in f are equal.
1 It J Jt

Denote the sets of quasi-symmetric (symmetric) functions of
degree n by QSym, (Sym,).

Example Y x?xxp & Syme but > x?x;x; € QSyme.
i<j<k i<j<k
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Quasi-symmetric functions

Definition A quasi-symmetric function is a formal power series

f € Z[[x1, x2, . . .]] such that, for any t > 1, any two increasing

sequences i < ... < it and j; < ... < j; of positive integers, any

sequence m = (my, ..., m;) of positive integers, the coefficients of
moLL xme e

Xt x in f are equal.

my
i i and X, X

Jt
Denote the sets of quasi-symmetric (symmetric) functions of
degree n by QSym, (Sym,).

Example Y x?xxp & Syme but > x?x;x; € QSyme.
i<j<k i<j<k

Observation
Sym, € QSym,.
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Recall the Schur function basis for Sym,,, {s\ : A F n}.

Definition Given a subset J C [n] define the fundamental
quasi-symmetric function

FnJi= g Xy Xy ** " Xy

wiSwiiy
wi<wiyq VieJ

Enumeration
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Quasi-symmetric functions

Recall the Schur function basis for Sym,,, {s\ : A F n}.

Definition Given a subset J C [n] define the fundamental
quasi-symmetric function

FnJi= g Xy Xy ** " Xy

wiSwiy1
wi<wjyq vied

Theorem (Gessel '84)
1. {Fny: JC[n—1]} is a basis of QSym,.
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Quasi-symmetric functions

Recall the Schur function basis for Sym,,, {sx : A+ n}.

Definition Given a subset J C [n] define the fundamental
quasi-symmetric function

FnJi= g Xy Xy ** " Xy

wiSwiy1
wi<wjyq vied

Theorem (Gessel '84)

1. {Fny: JC[n—1]} is a basis of QSym,.
2. For every partition A+ n

coeffg, ,(sx) = #{T € SYT(A) : Des(T) = J}.
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Cyclic quasi-symmetric functions
Definition A cyclic quasi-symmetric function is f € Z[[x1, x2, . . .]]
st.forany t > 1, i1 <...<ipandj1 <... <y,
m=(my,...,m;) €N and d € Z,

. m m .
the coefficients of x;™ - - - x™ and X I X, 9t in f are equal.
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Cyclic quasi-symmetric functions
Definition A cyclic quasi-symmetric function is f € Z[[x1, x2, . . .]]
st.forany t > 1, i1 <...<ipandj1 <... <y,
m=(my,...,m;) €N and d € Z,
the coefficients of x;™ - - x;™ and xj'ln‘”r1 o -ijd“ in f are equal.
Example Y x?xx3 € cQSymg
i<j<k
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Cyclic quasi-symmetric functions
Definition A cyclic quasi-symmetric function is f € Z[[x1, x2, . . .]]
st.forany t > 1, i1 <...<ipandj1 <... <y,
m=(my,...,m;) €N and d € Z,

the coefficients of x;™ - - x;™ and xj'ln‘”r1 o -xj':”“ in f are equal.
Example Y x?xx2 € cQSymg but  >°  x?x;x; € cQSyme.
i<j<k i<j<k
or j<k<i

or k<i<j
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Cyclic quasi-symmetric functions

Definition A cyclic quasi-symmetric function is f € Z[[x1, x2, . . .]]

st.forany t > 1, i1 <...<ipandj1 <... <y,

m=(my,...,m:) € Nt and d € Z;,
md41

the coefficients of x;™ - - x;™ and X - xi

o in f are equal.

2,3 2.3
Example ° x7xjx; & cQSyms but § X xjXp € cQSymg.
i<j<k i<j<k
or j<k<i
or k<i<j

Observation cQSym is a graded ring, satisfying
Sym C cQSym C QSym.
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Cyclic quasi-symmetric functions

Definition A cyclic quasi-symmetric function is f € Z[[x1, x2, . . .]]

st.forany t > 1, i1 <...<ipandj1 <... <y,

m=(my,...,m:) € Nt and d € Z;,
md41

the coefficients of x;™ - - x;™ and X - xi

o in f are equal.

2,3 2.3
Example ° x7xjx; & cQSyms but § X xjXp € cQSymg.
i<j<k i<j<k
or j<k<i
or k<i<j

Observation cQSym is a graded ring, satisfying
Sym C cQSym C QSym.

Problem 3:

Find a cyclic analogue of F, ;, which satisfies

coefFFchc(s,\) >0 (YA F n, J C[n]).
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Cyclic P-partitions
Definition Given a subset @ # J C [n] define the set of
cyclic P-partitions P’}
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whose letters are positive integers, such that
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Cyclic P-partitions
Definition Given a subset @ # J C [n] define the set of
cyclic P-partitions Pf,yj as the set of words , w = wq, ..., w,,
whose letters are positive integers, such that
1. The letters in w when put on a circle respect the clockwise
cyclic orientation ;
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Cyclic P-partitions
Definition Given a subset @ # J C [n] define the set of
cyclic P-partitions Pf,yj as the set of words , w = wq, ..., w,,
whose letters are positive integers, such that
1. The letters in w when put on a circle respect the clockwise
cyclic orientation ;
2. For every i € [n], if i € J then w; # Wit1 mod n-
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Cyclic P-partitions
Definition Given a subset @ # J C [n] define the set of
cyclic P-partitions Pf,yj as the set of words , w = wq, ..., w,,
whose letters are positive integers, such that
1. The letters in w when put on a circle respect the clockwise
cyclic orientation ;
2. For every i € [n], if i € J then w; # Wit1 mod n-

Example
Let n="5and J = {1,3}.
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Definition Given a subset @ C J={j1 < jp < ... <j:} C[n]
define the cyclic fundamental quasi-symmetric function

cyc .
= Xy Xy * * * Xwy -

cyc
Pn,J
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Definition Given a subset @ C J = {j1 < o < ... <j:} C[n]
define the cyclic fundamental quasi-symmetric function

cye . -
Fn,J = E Xy Xy ** * Xwy -

cyc
WEPnJ

Prop. {F.”; : @ C J C [n]}, where J runs over representatives of
the Z,-action on 2[" by cyclic shifts, is a basis of cQSym,.
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Definition Given a subset @ C J = {j1 < o < ... <j:} C[n]
define the cyclic fundamental quasi-symmetric function

cye . -
Fn,J = E Xy Xy ** * Xwy -

cyc
WEPnJ

Prop. {F.”; : @ C J C [n]}, where J runs over representatives of
the Z,-action on 2[" by cyclic shifts, is a basis of cQSym,.

Theorem (Adin-Gessel-Reiner-R '18)
For every non-hook partition A\ = n and @ C J C [n]

coeff porc (sn) >0
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Definition Given a subset @ C J = {j1 < o < ... <j:} C[n]
define the cyclic fundamental quasi-symmetric function

cye . -
Fn,J = E Xy Xy ** * Xwy -

cyc
WEPnJ

Prop. {F.”; : @ C J C [n]}, where J runs over representatives of
the Z,-action on 2[" by cyclic shifts, is a basis of cQSym,.

Theorem (Adin-Gessel-Reiner-R '18)
For every non-hook partition A= n and @ C J C [n]

coeff porc (sn) >0

Proof Idea: Apply the existence of a map cDes : SYT()\) — 2l
which statisfies cyclic descent extension axioms, to show that

1
E Z FIS,)::CDes(T) = S\/w
TeSYT(N/p)
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Structure constants and equi-distribution

Structure Constants Theorem (AGRR '18)
Given a set partition [n+ m| = AU B with |A| = m and |B| = n,
0 € G4 and T € Gpg, the following expansion holds

cyc . [poye _
n,cDes(o) m,cDes(t) —
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Structure constants and equi-distribution

Structure Constants Theorem (AGRR '18)
Given a set partition [n+ m| = AU B with |A| = m and |B| = n,
0 € G4 and T € Gpg, the following expansion holds

cyc cyc _ cyc
n,cDes(o) Fm,cDes(T) - § : n,cDes(w)
[w]€[o]tweye[7]
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Structure constants and equi-distribution

Structure Constants Theorem (AGRR '18)
Given a set partition [n+ m| = AU B with |A| = m and |B| = n,
0 € G4 and T € Gpg, the following expansion holds

cyc cyc _ cyc
n,cDes(o) Fm,cDes(T) - § : n,cDes(w)
[w]€[o]tweye[7]

Corollary (AGRR '18)

Given two permutations o and T of disjoint sets of integers, the
distribution of the cyclic descent set over all cyclic shuffles of [o]
and [7] depends only on cDes([o]) and cDes([7]).
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Distribution of cyclic descents over cyclic shuffles

Theorem (AGRR '18)

Given a set partition [n+ m| = AU B with |A| = m and |B| = n,
o€ 6pandT e Sp, the number of cyclic shuffles of [o] and [T]
with cyclic descent number k is equal to

fm+j—i—=1\(n+i—j Am+j—i\[(n+i—j—1
(") )T

where i = cdes(o) and j = cdes(7).
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Given a set partition [n+ m| = AU B with |A| = m and |B| = n,
o€ 6pandT e Sp, the number of cyclic shuffles of [o] and [T]
with cyclic descent number k is equal to

fm+j—i—=1\(n+i—j Am+j—i\[(n+i—j—1
(") )T

where i = cdes(o) and j = cdes(7).
Proof idea: Apply a ring homomorphism from Z[[x1, x2, .. .]] to
Z[[q]]e on Structure Constants Theorem,
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Distribution of cyclic descents over cyclic shuffles

Theorem (AGRR '18)

Given a set partition [n+ m| = AU B with |A| = m and |B| = n,
o€ 6pandT e Sp, the number of cyclic shuffles of [o] and [T]
with cyclic descent number k is equal to

fm+j—i—=1\(n+i—j Am+j—i\[(n+i—j—1
(") )T

where i = cdes(o) and j = cdes(7).

Proof idea: Apply a ring homomorphism from Z[[x1, x2, .. .]] to
Z[[q]]e on Structure Constants Theorem,

where Z[[q]] is defined by equipping Z[[q]] with the product

qi ® q] — qmax(i,j).
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