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g-Series Preliminaries, 0 < g <1

@ The g-binomial coefficient is defined by

(”) N ) L U]

k) g (@ @)(q@)nrk  [Klg!In —Klg’
where

(9:9)n _ HZ=1(1 - qk)
(1—q)" (1—q)"

t
is the g-factorial number of order n with [t], = %.
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Thomas Kamalakis and Malvina Vamvakari



@00000

g-Series Preliminaries, 0 < g <1

@ The g-binomial coefficient is defined by

(”) N ) L U]

k) g (@ @)(q@)nrk  [Klg!In —Klg’
where

(9:9)n _ HZ=1(1 - qk)
(1—q)" (1—q)"

t
is the g-factorial number of order n with [t], = %.

[”]q! = [1]q[2]q e [”]q =

@ The g-binomial coefficient (Z)q, for n and k positive integers, equals

the k-combinations {my, my,..., my} of theset {1,2,...,n}, weigh-

R L ()

Z qm1+mz+---+mk—(k;1): n
k q'

1<mi<mp<---<m<n

ted by g
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g-Series Preliminaries, 0 < g <1

@ Let n be a positive integer and let x,y and g be real numbers, with
g # 1. Then, a version of g-Cauchy formula is

(350,60,
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g-Series Preliminaries, 0 < g <1

@ Let n be a positive integer and let x,y and g be real numbers, with
g # 1. Then, a version of g-Cauchy formula is

(350,60,

@ The g-multinomial coefficient is defined by

( n ) _ [n]q!

ki koy.oo ket [kilg'[ka]q! - - - [kr—1]q![Krlq!

where k, = n— ki — ky — -+ — k,_q, for k; = 0,1,2,....n, i =
1,2,...,rrn=0,1,2,....
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g-Binomial Distribution

@ Let a sequence of g-Bernoulli trials with varying probability of success
at the ith trial,

9q"71

=———ii=12...,0<9g<1 0<60<o0.
1+9q,_17l K q o)

pi
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[e]e] le]ele]

g-Binomial Distribution

@ Let a sequence of g-Bernoulli trials with varying probability of success
at the ith trial,

9q"71

=———ii=12...,0<9g<1 0<60<o0.
1+9q,_17l K q o)

pi
@ Then the probability function (p.f) of the number X of successes at
n such trials is given by

=0,1,...,n,

n) q(;)ﬂx

T iy X
q Hj:l(l +60g¢71)

for @ > 0,0 < g < 1. The distribution of the random variable (r.v.)

X is called g-binomial distribution, with parameters n, 6 and q (see
Charalambides (2016)).
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g-Binomial distribution: g-mean, g-variance

@ The mean value, say jq, of the random variable Y = [X,]; /4 is

0
Hq = [nlqm

Thomas Kamalakis and Malvina Vamvakari



[e]e]e] lele]

g-Binomial distribution: g-mean, g-variance

@ The mean value, say jq, of the random variable Y = [X,]; /4 is

0
Hq = [”]qm

@ The variance, say 02, of the r.v. Y is

o2 = 92[”]:7[” — 14 0[nlq
9 q(1+0g" 1) (1+0g"2)  (1+0g"1)
0?[nl3
i
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g-Asymptotics: g-Stirling Formula
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g-Asymptotics: g-Stirling Formula

Theorem (Kyriakoussis and Vamvakari(2013))

The g-Stirling formula for n — oo, of the g-factorial number of order n,
is given by

r(1- )2 a@a
(qlogq=1)/2 [[2,(1+ (" — g/~ 1)’

[n]g! =
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g-Asymptotics: g-Analogue of De-Moivre Laplace Theorem

Theorem (Kyriakoussis and Vamvakari(2013))

Consider the probability function (p.f.) of the g-binomial distribution,
where 6 = 0,, n=0,1,2,... such that 0, =g *" with0 <a<1
constant. Then, for n — oo, the g-binomial distribution is approximated
by a deformed standardized continuous Stieltjes-Wigert distribution as
follows:

_7/8 log a—1 \1/2 Iy o — —1/2
~ q ogq —3/2,,  1/2Xl1/qg — Hq —1 —x
fxp () = va@m)i? (7(771 - 1) <q (1-q) B +q q

1 _ X — K _
exp log® ( ¢ 3/2(1717)1/2[]1/‘17q+q : , x>0,
2logq oq

where (14 and o, are the g-mean and g-variance of the g-binomial
distribution.
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A g-Random walk on the integers

The Markov chain whose state space is the set of all integers, and whose
transition probabilities are given by

P,i+1:L = l_Pi,'_17i:O,i17:l:2’...’
’ 1+60qgi—1 '

0<g<l 0<f<

is called g-random walk on the integers.
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A g-Random walk on the integers

The probability that the chain will be back in initial state after 2n
transitions, n =0,1,2,..., if n of them were increases and n of
them were decreases , is the g-binomial probability

D) (3)gn
PS,%z(n> e 9>0,0<q<1.
n/)qlliZ,(1+0g71)
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A g-Random walk on the integers

The probability that the chain will be back in initial state after 2n
transitions, n =0,1,2,..., if n of them were increases and n of
them were decreases , is the g-binomial probability

D) (3)gn
PS,%z(n> e 9>0,0<q<1.
n/)qlliZ,(1+0g71)

The g-random walk on the integers after 2n steps, starting from the
origin 0, for # constant or for 6 = ¢ *", 0<a<1, n=0,1,2,...
is recurrent, while for 6g" — oo, as n — oo, is transient.
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A g-Random Walk Stochastic Process

@ Consider the time interval (0,t], t > 0, and partition it into parts
which are geometrically decreasing with rate g, defined by

oi(m; t) = (n);lq"_lt7 i=1,2,...,n, n>1.
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A g-Random Walk Stochastic Process

@ Consider the time interval (0,t], t > 0, and partition it into parts
which are geometrically decreasing with rate g, defined by

oi(m; t) = (n)<;1q"_1t7 i=1,2,...,n, n>1.

@ Consider the process generated by making a step of length ¢ to
the right and a step of length § to the left at every time period
(n)gtq"'t, i = 1,2,...,n, with probability of success (right step)
and probability of failure (left step) given by

—1,i-1
PX=0)= e Tt e )L
14 6(n)gtqgi—1t 14 6(n)gtqg—1t’

where 0 < g < 1,0 < 6 < oo.
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A g-Random Walk Stochastic Process

@ Consider the time interval (0,t], t > 0, and partition it into parts
which are geometrically decreasing with rate g, defined by

oi(m; t) = (n)<;1q"_1t7 i=1,2,...,n, n>1.

@ Consider the process generated by making a step of length ¢ to
the right and a step of length § to the left at every time period
(n)gtq"'t, i = 1,2,...,n, with probability of success (right step)
and probability of failure (left step) given by
O(n);1qg' 1t 1

()q—q and P(X; = —0) = ———

14 6(n)gtqgi—1t 14 6(n)gtqg—1t’

where 0 < g < 1,0 < 6 < oo.

@ At time > ", §;(n; t) = t, the position of the process is the r.v.

f) = zn: X;.
i=1

P(Xi=14)=
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Definition

The continuous time stochastic process { X, 4(t),t > 0}, is called
g-random walk stochastic process with parameters g, n and
0,0 < 6 < oo if the following properties hold

(a) In each of the consecutive mutually disjoint time intervals of length
Si(n;t) = (n);t¢~t, i = 1,2,...,n, n > 1, at most one event
(right or left step of length 6 = 1) occurs and

) ) 0q' 1t
1— ql 1— ql—l _ _ (n)q
P (%0 (1=g5t) ~0a (Tt =9) = 14 20T
1—qg 1—qg1 1
q q 1+ P

(b) The increments X, o(t;) — Xnq(ti—1), where t; — t; 1 = (n);'q''t,
i=1,2,...,n are independent.

Thomas Kamalakis and Malvina Vamvakari




g-Random Walk Simulations in R

Figure 1: Generation of 5, g-Random Walk Processes in R with with ¢ = 0.7, n =30, 6 = q*15 t=1
Figure 2: Generation of 5, g-Random Walks Processes with ¢ = 0.7, n =30, 6 =1, t = 10.
Figure 3: Generation of 5, g-Random Walks Processes with ¢ =0.9, n =30, 6 =1, t = 10.
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g-Random Walk Simulations in R

Sample Pats of a Smplea-Random Wak

Figure 4: Generation of 5, More g-Random Walks with 6 = 10, ¢ = 0.5, n = 30, t = 10.
Figure 5: Generation of 5 g-Random Walks Processes with ¢ = 0.7, n = 30, 6 = q ™%, t =10.
Figure 6: Generation of 5 More g-Random Walks Processes with ¢ = 0.7, n = 30, 6 = exp(30), t = 10.
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A g-Brownian Motion

Theorem (Vamvakari(2017)

Consider the g-random Walk process with steps of length § = c/91/2, where ¢ = (q71 — 1)/(log qfl)
is a normalization constant and 0 = 0, = ¢~ “”, with 0 < o < 1. Then the g-random walk process is
approximated, as n — oo, by a continuous analogue one {Y(t),t > 0}, where the r.v. Yy(t) is the

position after time t with probability density function distribution

_ 1/2 _
Fyot) = 78 (a7t -1) (lfq)l/zA(yfuz)_*_ L\
PO s@m 2 (egq )12\ @2 o
1 _
- exp ( Iog2 (q_3/2(1 — q)l/2 @ u AF q_l)) 5 (1)
2logq ot

1/2 —1/2
y > e — oeq' /21 — q) 73,

where the mean value p and the variance o2 of the r.v. Yq4(t) are given by

e = E(Yq(0) = ct, 0% = V(Ya(t)) = ——2(ct)? + ct.
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Definition (Vamvakari (2017)

The continuous stochastic process { Y,(t),t > 0}, is called g-Brownian
motion with parameters g, u; and o2, if the following properties hold

(A) The distribution of the increment Y,(t2) — Yq(t1), with &, — t1 =
(1 —qg)t, t > 0, is the linear transformed standardized Stieltjes-
Wigert distribution with p.d.f (1), where ps_y, = ¢(1 — g)t and
02 = 19(c(1 - q)t) +c(1— q)t.

(B) The increments Yq(tx) — Yq(tk—1), where ty — ti 1 = ¢“"1(1 - q)t,
k=1,2,..., are independent.

(C) Y4(0) > 0 and Yg(t) is continuous at t = 0.

Thomas Kamalakis and Malvina Vamvakari



g-Brownian Motion

Theorem

Let W,(T) = maxg<¢<7 Yq(t) the r.v. of the maxima in the g-Brownian
motion and T, the first time passage of the process Yg(t) from the point
b with b > p; — 0:q*/?(1 — q)~1/2. Then

P(Wy(T) > b) = g **/8(1 — erf(B,))
and the p.d.f of the first time passage from b is given by

@2(7715/8
d 7

r(t) = exp (=B?)

where

_ b— _ logq
q 3/2(1_q)1/2 Mt+q 1>_|_ g )

1
Bi=———=11o
' \/2/ogq1( g( o 2
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g-Brownian Motions Simulations in R

q-Brownian Motion q-Brownian Motion

Posiion

10

Time Time.

Figure 1. g-Brownian Motion Simulation in R with ¢ = 0.9,
Figure 2. g-Brownian Motion Simulation in R with ¢ = 0.9
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A g-Random Walk on the 2D Integer Lattice

Definition

The Markov chain in which at each transition is likely to take one step to
the right, left, up or down in the plane with varying transition
probabilities given respectively by

i—1
Py 1) = '?llq 1)’
(14061 1)1+ 02971)
b 1
(L)G=14) — (146,11 + g 1)
Prin gy — 2
(1.4),(ij+1) = (14 6,4 D)(1 + 1)’
i-1p j—1
bg” "0>q i j=0,4+1,42,. ..,

Pijyij-1) = (1+0.g-1)(1+ 02 7)

where 0 < 01,60, < 00, 0 < g < 1, is called g-random walk on the

two-dimensional integer lattice.
Thomas Kamalakis and Malvina Vamvakari
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A g-Random Walk on the 2D Integer Lattice

Lemma

Let X be the number of “right steps", X~ be the number of ‘left
steps”, YT be the number of “up steps", and Y~ be the number of be
“down steps", after 2n steps in the q-random walk on the 2D dimensional
integer lattice, starting from the origin 0, with 61 /6, = q"/?,
n=20,1,2,.... Then, it holds that

Plo=P(XT=x,X"=x,Y"=n—xY =n—x) =
n n x(n—x 2x
9%"(]2(2) (x,x%nfx)qq (n=) (%)
H:2£1 (L+6019"1 4+ 629" 71 4 610,972

)
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A g-Random Walk on the 2D Integer Lattice

Let the g-random walk on the 2D dimensional integer lattice after 2n
steps, starting from the origin 0, with 01 /6y = q"/?, n=0,1,2,.... Then
for 6, constant or for 0, = q=*",0<a<1, n=0,1,2,..., the 2D
g-random walk is recurrent, while for 0,q" — oo, as n — oo, is transient.

Thomas Kamalakis and Malvina Vamvakari
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A 2D g-Random Walk Stochastic Process
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@ Let the time interval (0, t], t > 0, and partition it into parts which are geometrically decreasing
with rate g, defined by

Si(mt) = (n);quilt, i=1,2,...,n, n>1. 2)
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Let the time interval (0, t], t > 0, and partition it into parts which are geometrically decreasing
with rate g, defined by

Si(mt) = (n);quilt, i=1,2,...,n, n>1. 2)

Let the process generated by taking one step, of length § = 1, to the right, left, up or down in the

plane at every time period (n);lqi_lt, i=1,2,...,nn > 1, with varying transition probabilities
02" *t/(n)g
pia=P(X;=4Y;=0)= — — ,
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t, the position of the process is the bivariate r.v. (Xj q(t), Yn,q(t)) with X, q(t) =
Ynq(t) = 304 Yi-
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The continuous time bivariate stochastic process {(Xn,¢(t), Yn,q(t)) ,t > 0}, is called bivariate g-
random walk stochastic process with parameters n, 01, 62 and g, 0 < g < 1, if the following properties
hold

a n each of the consecutive mutua Isjoint time intervals of lengtl i(nit) = (n i— t, i =
| h of th i lly disjoi i i Is of length §; glq’l
1,2,...,n, n> 1, at most one event (right or left or up or down step) occurs and
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(b) The bivariate increments (X, q(t;) — Xn,q(ti—1), Yn,q(t;) — Yn,q(ti_1)) , where t;j—t;_3 = (n);lq’;lt,

i=1,2,...,n, are independent.

(c) The process starts at time t = 0 with (X, ¢(0), Y5, 4(0)) = (0,0).
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2D g-Random Walk Stochastic Processes Simulated in R
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Figure 9: 2D g-Random Walk Process Simulation in R with ¢ = 0.9, n = 20, 63 = qlo, t = 10.
Figure 10: 2D g-Random Walk Process Simulation in R with ¢ = 0.9, n = 20, 6, = qlo, t=1.
Figure 11: 2D g-Random Walk Process Simulation in R with ¢ = 0.5, n = 20, 6, = qlo, t = 10.
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2D g-Random Walk Stochastic Processes Simulated in R
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Figure 12: 2D g-Random Walk Process Simulation in R with ¢ = 0.7, n = 20, 6, = q71°, t = 10.
Figure 13: 2D g-Random Walk Process Simulation in R with ¢ = 0.5, n = 20, 63 = q730, t = 10.

Figure 14: 2D g-Random Walk Process Simulation in R with ¢ = 0.5, n = 20, 6, = &9, ¢ = 10.
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@ Study of g-random walks in higher dimensions

@ Embedment of g-random walks in random graphs

@ Study of the limiting bivariate process, as n — oo, of the 2D
g-Random walk stochastic process

R-Codes are available for anyone interested!
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