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Preliminary notions and remarks

Distributions on i.i.d Bernoulli trials

The classical binomial and negative binomial (or Pascal)
distributions are defined on the stochastic model of a sequence of

independent and identically distributed Bernoulli trials.

The Poisson distribution may be considered as a limiting case of
the binomial distribution as the number of trials tends to infinity.

Also, the logarithmic distribution may be considered as a limiting
case of the zero-truncated negative binomial distribution as the

number of successes tends to zero.



Generalized binomial and negative binomial distributions

Poisson (1837), generalized the binomial distribution (and
implicitly the negative binomial distribution) by assuming that the
probability of success at a trial varies with the number of previous

trials.

Woodbury (1949) generalized the negative binomial distribution
(and implicitly the binomial distribution) by assuming that the
probability of success at a trial varies with the number successes

occurring in the previous trials.

The probability functions of these distributions were derived in
terms of generalized Stirling numbers of the first and second kind;
these numbers, which are explicitly given by multiple sums,

constitute elementary and product sum symmetric functions.



The meaning of "implicitly”

Let X, be the number of successes in n trials, and
W, be the number of failures until the occurrence of the nth

success. Then,

P(W, = w) = P(Xp+w—1 = n—1)P(nth success at the (n+ w)th trial)
and, equivalently,

P(X, = x) = P(Wy41=n—x)/P((x+1)st success at the (n+1)st trial).

Note that instead of W,, the number T, of trials until the
occurrence of the nth success may be considered. Clearly,
{T, =t} ={W, =t — n} and the preceding expressions are

accordingly modified.



Usefulness of generalizations

It should be noticed that a stochastic model of a sequence of
independent Bernoulli trials, in which the probability of success at
a trial is assumed to vary with the number of trials and/or the
number of successes, is advantageous in the sense that it permits
incorporating the experience gained from previous trials and/or

successes.

If the probability of success at a trial is a very general function of
the number of trials and/or the number successes, very little can
be inferred from it about the distributions of the various random

variables that may be defined on this model.



Success probability varying geometrically

In order to be able to infer more about these distributions,
the general expression of the probability of success in terms
of the number of trials and/or the number successes should

be restricted.

The assumption that the probability of success (or failure) at a
trial varies geometrically, with rate (proportion) g, leads to the

introduction of discrete g-distributions.

The study of these distributions is greatly facilitated by the wealth
of existing g-sequences and g-functions, in g-combinatorics, and

the theory of g-hypergeometric series.



Selected classical discrete g-distributions

g-Numbers and g-factorials

Let x and g be real numbers, with g # 1, and k be an integer.
The number » 1- g~
X =

q 1— q

is called g-number and in particular [k]q is called g-integer. Note

that limg—1[x]q = x.

The kth order factorial of the g-number [x]g, which is defined by
Xlkg = [Xlglx —1lg---[x—k+1]q, k=1,2,...,
is called g-factorial of x of order k. In particular,
[Klg' = [Uql2lq - [Klg» k=1,2,...,

is called g-factorial of k.



g-Binomial coefficients and g-Pascal’s triangle

The g-binomial coefficient (or Gaussian polynomial) is defined by

[ﬂq: [[Xk]]:?’ k=0,1,...,

and so limg_1 mq =(3), k=0,1,....

The g-binomial coefficient satisfies the triangular recurrence

relation

H :{x—q +qx‘k[x_ﬂ, k=12,.... [X] _1
i, ko, k—1], of,

Alternatively



The lack of uniqueness of g-analogues of expressions and

formulae

The lack of uniqueness, due to the presence of powers of g in

pseudo-isomorphisms as

[x +ylg = [xlg + ¢*[ylq and [x+ylq = ¢”[x]q + [V]q,

where 0 < g < 1lor 1< g < oo, should be remarked from the very
beginning of the presentation of the basic g-sequences, g-functions
and g-formulae. It should also be noticed that the two formulae
may be considered as equivalent in the sense that any of these

implies the other by replacing the base g by g~!.



g-Binomial distribution of the first kind

Kemp and Kemp (1991), in their study of the Weldon's classical
dice data, introduced a g-binomial distribution. Specifically, they
observed that there is a spectrum of unfairness among the dice and

in order to explain it made the a log-linear odds assumption
logf; =log6 + (i —1)logq, i=1,2,...,

for0<f<oocand 0 < g<1lorl < g< oo, which implies that
the odds of success at the ith trial, 8; = p;/(1 — p;), varies

geometrically with the number i of trials,
9; =0qg L, i=1,2,...,

for0<f<ocand0<g<lorl<g<oo.



g-Binomial distribution of the first kind (cont)
Equivalently, the probability of success at the ith trial is given by
pi=0g /14641, i=12,....

The distribution of the number of successes in a sequence of n
independent Bernoulli trials, with the odds of success at a trial
varying geometrically with the number of trials, is the g-binomial
distribution of the first kind. Kemp and Newton (1990) further
studied it as stationary distribution of a birth and death process.

Its probability function is given by
px(6;q) = H - (Al —
X qu:l(l +6q'"1)
where 0 < <oo,and0<g<lorl<g<oco.

x=0,1,...,n,



Negative g-binomial distribution of the second kind

Charalambides (2010) in his study of the g-Bernstein polynomials
as a g-binomial distribution of the second kind, introduced the
negative g-binomial distribution of the second kind. Precisely, it is
assumed that the probability of success at any Bernoulli trial, given

that j — 1 successes occur in the previous trials is given by
pi=1-0¢7% j=1,2,..., 0<f<oo, 0<qg<l.

The distribution of the number of failures until the occurrence of
the nth success in a sequence of independent Bernoulli trials, with
the probability of success at a trial varying geometrically with the
number of successes is the negative g-binomial distribution of the

second kind.



Negative g-binomial distribution of the second kind (cont)

Its probability function is given by

JI[1-64""), x=0,1,...,
i=1

X

ou(6: 4) = [n—l—x—l]q .

where 0 < <land0<g<1.



g-Poisson distributions
Benkherouf and Bather (1998) derived the Heine and Euler
distributions, which constitute g-analogs of the Poisson
distribution, as feasible priors in a simple Bayesian model for oil
exploration. The probability function of the g-Poisson distributions
is given by (Charalambides (2016), p. 107)
px(X; q) = Eq(—/\)[X)\]q!7 x=0,1,...,
where 0 < A < 1/(1—gq) and 0 < g < 1 (Euler distribution) or
0 <A <ooand 1< qg< oo (Heine distribution).
Also, E4(t) = T[2,(1 + t(1 — q)g'~1) is a g-exponential function.
It should be noted that eq(t) = [[724(1 — t(1 —q)g" 1)~ Lis
another g-exponential function and that these g-exponential
functions are connected by Eq(t)eq(—t) =1 and E,1(t) = eq(t).



g-Logarithmic distribution

A g-logarithmic distribution was studied by C. D. Kemp (1997) as

a group size distribution. Its probability function is given by
pul0:0) = (1 - O] 10, x=1,2
X 1 q [X]q’ yEY
where 0 <6 <1, 0<qg<1,and

1 (& 1—6g<ti-t
—lg(1—0) = lim e (H 1_ Zqifl - ) Z [,]q

1

is a g-logarithmic function.



Power series g-distributions

The class of power series g-distributions, which is introduced in the
sequel, provides a unified approach to the study of these
distributions. Its probability generating function and g-factorial

moments are derived.

Demonstrating this approach, the probability generating function
and g-factorial moments of the g-Poisson (Heine and Euler),
g-binomial, negative g-binomial, and g-logarithmic distributions
are obtained.



g- Taylor expansion

Consider a positive function g() of a positive parameter 6 and

assume that it is analytic with a g-Taylor expansion

G)ZZaX,qﬁx, 0<O0<p, p>0, (1)
where the coefficient
ax,q= P I[Dqg( )i=0 >0, x=0,1,...,0<g<1orl<q< oo,

with Dy = dg/dq4t the g-derivative operator,

_ dqg(t)  g(t) — glqt)
Dqg(t) = dqt T 1—gr

does not involve the parameter 6.



Definition of a family of power series g-distributions
Clearly, the function

ax,qt*
g(0) "

with0 < g<lorl<g<oo and 0< 6 < p, satisfies the
properties of a probability (mass) function.

px(0; q) =

Definition
A family of discrete g-distributions p«(0; q), 0 € ©, g € Q, is said
to be a class of power series q-distributions, with parameters 0, q

and series function g(0) if it has the representation (2), with series
function satisfying condition (1).



Probability generating function and g-factorial moments

The probability generating function P(t) =Y >, p«(0; q)t*, on
using (1) and (3), is readily deduced as

P(t) = @. (3)

Taking its mth g-derivative, with respect to t, at t = 1, the mth
g-factorial moment of the power series g-distribution is obtained as

a8 _ o™ 47
1 [d (9t)] 0 dg(6)

E([X]m,q):g(e) ) dgtm g(0) dg0m ’

m=1,2,.... (4)



g-Mean and g-variance

In particular the g-mean is given by

E(Xle) = — 73 -

Also, on using the expression

V([X]q) = aE([X]2,q) — E([X]q) (E([X]q) — 1),
the g-variance is obtained as

q92 dgg(H) 0 dqg(H) 0 dqg(‘g)
VXD =20y dm  a0) det (g | 1>' (©)




g-Poisson distributions

These are power series g-distributions, with series function

8(A) = eq(A) = 1/Eq(=N),

where 0 < A< 1/(1—qg)and 0<g<1or
O<A<ooandl<g< .
Since Dgeq(t) = e4(t) and e4(0) = 1, it follows from (2) that

axq = []|[D eq(t)]t=0 = [}q!, x=0,1,...,

Also, the probability generating function of the g-Poisson

distributions, on using (3), is deduced as

P(e) = 208 — Ef(-Nes(n0)




g-Poisson distributions (cont)

The g-factorial moments, since D7e;(\) = e4()), are readily
deduced as
E([X]mgq)=A", m=12,....

In particular, the g-mean is given by
E(IX],) = A
Also, using (6), the g-variance is obtained as

V([Xlg) = gX* = A = 1) = A1+ (g — 1))



g-Binomial distribution of the first kind

The series function of this distribution is
n

g(0) = [[(1+647),
i=1
where 0 < <ocoand 0 < g<lorl<g<oo. Since

n—1
0) = [nlq [ (1 + (69)q™ ),
i=1

it follows successively that

n—x

D3g(0) = [nlxqa® JT(1 + (09%)g™).

i=1
forx=1,2,...,n. Thus,

[],[Dqg( )]t:ozmqq@, x=01,...n



g-Binomial distribution of the first kind (cont)

The probability generating function of the g-binomial distribution
of the first kind is readily deduced as

17, (1+60tg" )
[Ti-,(1+60q"71)

The g-factorial moments, since

P(t) =

n

Drg(0) = [nlmqal* ﬁ 1487 ) = [lmga® ] (1+6071),

=1 i=m+1
are obtained as

mg(3)
[lm.q9"q" m=12,....

Ema) =1 gy M




g-Binomial distribution of the first kind (cont)

In particular, the g-mean is

. [”]q9

Also, using (6), the g-variance is obtained as

_ [n]q¢ [n]q0(q — 1)
00~ gyt g ()



Negative g-binomial distribution of the second kind

It is a power series g-distribution, with series function
n

g(0) = H(l —0g )l 0<h<1, 0<g<l
-1
Since il
Dqg(0) = [n]q H(l —0q')
i=1

it follows successively that
n—+x

Dxg(0) =[n+x—1luq [J(1 - 041,
i=1

forx =1,2,.... Thus,
n+x—1

1 X
o= (5Ol = |

} , x=0,1,....
q



Negative g-binomial distribution of the second kind (cont)

The probability generating function of the negative g-binomial
distribution of the second kind is deduced as

[, (1 = 0tg™ 1)~
[T (1= 0q=1)

The g-factorial moments, since

P(t) =

n+m )
DTg(0) =[n+m—1mg [J(1—04"1),
i=1
are obtained as

m

E(Xlmq) =[n+m=1]mgd™ [[(1-0¢""")", m=1,2,....
i=1



Negative g-binomial distribution of the second kind (cont)

In particular, the g-expected value is

[n]q¢
— an :

E(IX)a) = §
Also, the g-variance obtained as

B [n]40 [n]q0(q — 1)
V([X]q) = (1 — Hq”)(l _ eanrl) (1 + 1_ c9q” )




g-Logarithmic distribution

The series function of this distribution is
= ¢
g(9)=*/q(1*9)zz.—, 0<f<1, 0<gqg<l.
2 [,

Taking successively its g-derivatives,
Dye(6) = Y0~ nat ™ =l -t Y 17 1] 7
Jj=x Jj=x q
and using the negative g-binomial formula, we find

D;g(0) =[x — 1! [J(1 - 0" ).
i=1



g-Logarithmic distribution (cont)

Thus,
1 1
ax, :7[ng(t)] 0= T, X:1,2,... .
7 [x]g!" 7 ' [x]q

Also, the probability generating function of the g-logarithmic
distribution is deduced as

—Iq(1 — 6t)
PO="a0

The g-factorial moments, are obtained as

[lo(1=O)] M[m —1gle™
[17,(1 —0g1) ; =1,2,....

E([Xlm,q) =



g-Logarithmic distribution (cont)

In particular, the g-mean value is

B y-1
E(ix]) = O

Also, the g-variance is obtained as

[—l,(1—0)]7t0 ( 1 [—lg(1 — 0)]10>.

V(IXlq) = 1-0 1-0g 1-0
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